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Abstract. We study the structure of hnearized field equations in = 1 
chiral supergravity (SUGRA) with a complex tetrad, as a preliminary to 
introducing additional auxiliary fields in order that the supersymmetry 
(SUSY) algebra close off shell. We follow the first-order formulation we 
have recently constructed using the method of the usual = 1 SUGRA. 
In particular, we see how the real and imaginary parts of the complex 
tetrad are coupled to matter fields in the weak field approximation. Start- 
ing from the linearized (free) theory of = 1 chiral SUGRA, we then 
construct a Lagrangian which is invariant under local SUSY transfor- 
mations to zeroth order of the gravitational constant, and compare the 
results with the linearized field equations. 
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1. Introduction 



Right- and left-handed supersymmetry (SUSY) transformations in = 1 chiral 
supergravity (SUGRA) with a complex tetrad were introduced by Jacobson |jl], 0, 
and their first-order formulation was then constructed using the two-form gravity 
0, ^. In a previous paper 0, following the method used in the usual N = 1 SUGRA 
P, ^, we presented the explicit form of the first-order SUSY transformations in 
A^ = 1 chiral SUGRA for complex field variables; a complex tetrad e*^, a self-dual 
connection A^^^^ = A^i^^^ which satisfies (l/2)ei/^A^^^ = iA^^^^, and two independent 

(Majorana) Rarita-Schwinger fields ipRfj, and V'/j^. The SUSY transformation 
parameters are not constrained at all in contrast with the method of the two-form 
gravity. We showed that the SUSY algebra for A^ = 1 chiral SUGRA closes only on 
shell. 

The sum of the right- and left-handed SUSY transformations, however, is not 
twice the usual A^ = 1 SUGRA in the following sense: The sum of the right- and 
left-handed SUSY transformations for the complex tetrad is 

Se\ = -iii'Rf.YaR + ^L^faL) (1.1) 

with a and a being two anticommuting Majorana spinor parameters. Here both 
'^RfiY'^R ci-nd ipifiY'^L are complex. The real and imaginary parts of ( [I.ID cannot 
be written as the form 

Re(5eV) = -t^lYf3\ Im(5eV) = -^^lYf3' (1-2) 

by field redifinition from and to appropriate Majorana spinors and "l*^, 
accompanied by corresponding change of a and a to Majorana spinor parameters 
and Instead, we have 

Re{6e\) = -^(J^fa + ^^Y"), (1-3) 

* We assume V'^i and V'^t to be two independent (Majorana) Rarita-Schwinger fields, and define 
the right-handed spinor fields ipRf, := (1/2)(1 + Ts)'^^ ^^'^ V'fiM •= (1/2)(1 + Ts)'/'^- The tpRf, 
and ipRfi relate to the left-handed spinor fields and ipL^ respectively, because and ip^ 
are Majorana spinors. The antisymmetrization of a tensor with respect to i and j is denoted by 
- (l/2)(^i - j ~ We shall follow the notation and convention of ||]. 
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Im(5eV) = -^(V^^Y« + ^;ya), (1.4) 

where := V'^exp{(-i7r75)/2} and ip'^ := ?/'^exp{(i7r75)/2}. Both ( 
contain two kinds of Majorana spinor parameters. 

Therefore it seems non-trivial to introduce additional auxiliary fields which will 
make the SUSY algebra of = 1 chiral SUGRA closed off shell. The full non- 
linear theory with auxiliary fields of the usual = 1 SUGRA can be constructed 
from its linearized theory, making the rigid SUSY transformations local and adding 
appropriate terms to the free Lagrangian order-by-order in the gravitational constant 
K p. M This suggests that if we can introduce additional auxiliary fields at linearized 
level, the full nonlinear theory with auxiliary fields will be constructed also for 
A^ = 1 chiral SUGRA. Motivated by this expectation, we consider the structure of 
the linearized field equations in A^ = 1 chiral SUGRA. In particular, we see how the 
real and imaginary parts of the complex tetrad are coupled to matter fields in the 
weak field approximation. We shall then modify the linearized (free) Lagrangian so 
that it be invariant under local SUSY transformations up to order kP, and show that 
the modified Lagrangian correctly reproduces the field equations of A^ = 1 chiral 
SUGRA in the weak field approximation. 

This paper is organized as follows. In section 2 we define a real Lagrangian from 
chiral one which is assumed to be analytic in the complex field variables, and derive 
the field equations for the real and imaginary parts of the complex tetrad. The 
chiral Lagrangian of matter fields includes massless Majorana spin-1/2 and spin-3/2 
fields. In section 3 we apply the weak field approximation to the field equations 
derived from the real Lagrangian. The explicit form of energy-momentum tensors is 
calculated for (Majorana) Rarita-Schwinger fields. In section 4 we construct a local 
SUSY invariant Lagrangian to order k'^, and compare the resultant field equations 
with the linearized field equations in A^ = 1 chiral SUGRA. In section 5 we present 
our conclusion. We summarize the identities derived from general coordinate and 
local Lorentz invariances of the chiral Lagrangian in the appendix. 



^ The is the Einstein constant: — SnG/c^. Unless stated otherwise, we use units c—1 — 



1.3) and (O 
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2. Real Lagrangian 



In local field theory, the spinor field usually appears in the kinetic Lagrangian 
forming a bilinear product with its own Dirac conjugate ip. However, in = 1 
chiral SUGRA, we must use the kinetic Lagrangian formed of the bilinear prod- 
uct of the two independent spinor fields ipRfi and ipR^ in order to make the SUSY 
transformations compatible with the complex tetrad. Therefore, to recover the Her- 
miticity of the kinetic Lagrangian, we add the complex conjugate, to the chiral 
Lagrangian density C^'^^: Namely, we define the real Lagrangian density, S 

£:=£(+) +C.C., (2.1) 

where C^^^ is the sum of the chiral gravitational Lagrangian density and the chiral 
Lagrangian density of matter fields, and "c.c." means "the complex conjugate of 
the preceding term" . The chiral gravitational Lagrangian density constructed from 
the complex tetrad and the self-dual connection is 

4^^ = ~e e^^P'^e\e\R^l, (2.2) 
where e denotes det(e^) and the curvature of self-dual connection R^^'^^^ is 

:= 2(9[,A(+)^^-.] + A(+)\[^A(+)^^;]). (2.3) 



In order to discuss the structure of linearized field equations as generally as 
possible, we suppose that the chiral Lagrangian density of matter fields take the 
form 

£S^=£W[e,A(+),¥^,DWvi/^], (2.4) 

which is analytic in the complex field variables, ^ r and ^ r- Here ^ r 

and ^ R are independent of each other, and denote collectively the matter fields; the 
means the covariant derivative with respect to A^^^'^: 

D^;^ ■■= d, + ^Ai^^S^^. (2.5) 

^ For pure gravity case, Peldan ||^ used the real Lagrangian to derive the real Ashtekar-like 
theory based on the Lie-algebra SO{3, 1), denoting the real Lagrangian density by 
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The of ( p.4|) is invariant under general coordinate and local Lorentz transfor- 
mations, but its SUSY invariance is not necessarily satisfied. 

The matter fields under consideration include massless Majorana spin- 1/2 and 
spin-3/2 fields. For massless Majorana spin-1/2 fields, the chiral Lagrangian density 
is 

^(+) ^ e ^M.p.J^^^^^^(+)^^ (2.6) 
with ^yp„ := 7[,y7p7cr]- 1^ For (Majorana) Rarita-Schwinger fields, we have 

Note that the of ( |2.4|) changes by phase under global chiral transformations, 

^r{x) exp(275^)^^ij(x) = exp(z^)^ij(x), (2.8) 
'^r{x) ^^,(a;)exp(2750') = ^R(x)exp(-z^'), (2-9) 

where 9 and 9' are real constant parameters. Accordingly, we define the chiral 
Lagrangian density C'^'^^ as 

= + e^^4+\ (2.10) 

with if being a real constant parameter. Then ip is changed like (p ^ + {9 — 9') 
under the chiral transformations (|2.8|) and 



Let us express the real gravitational Lagrangian density, 

£g:=4^^ + c.c., (2.11) 
by using only real variables. We define the real 5*0(3, 1) connection by 

u;,,^:=4+] + c.c. (2.12) 
Then the R^^^'^ of (U) becomes 

R^^^'',. = \ (r\u\A - ]f\iR''\u\A) , (2.13) 



^The totally antisymmetrization of a tensor with respect to i, j and k is denoted by ^[ijfc] 
(l/3)(A:[jfc] + A-fo] +^j[fci])- 



5 



where ^y[uji] is the curvature of the real connection cjjj^. Further we decompose 
the complex tetrad into the real and imaginary parts: 

e\ = V\ + iW\. (2.14) 

The Cg of (P-ll|) can then be written as 



Cg = e^'^'^'iV^V^ - W\W\)e,^'RkipM + e t^'''"'V\W\R.,pM- (2-15) 



The real Lagrangian density of matter fields, Cm, can be written by using V"*^, 
^ and uJij^ as 

Cm := e'^C^^i^ + c.c. 

= Cm[V,W,uj,'^,D^[uo]^, (2.16) 

where -D^[co'] denotes the covariant derivative with respect to tUjj^: 



:= + '-UJ,,^S''. (2.17) 



Note that \1' and \1' appear in ( p.l6[ ) instead of and ^ r. In fact, the real 
Lagrangian density of massless Majorana spin-1/2 fields can be expressed as 



Ci,2 = I e^^'''{V'%.{e'^iPR^i,kDM'4'R-e-'''^LlvkDM^L) 

+W'%M^^''^^i'RlvkDM^R - e-'^'^+^^L^,,kD^[uj]^L)} (2.18) 

with V^'^upa and W''^%p„ being defined by 

:= V^\,{V\V^K^ - m^W'^K^), (2.19) 

W'^Kp, := W^\,{W\V^l^ - W\W^\{). (2.20) 

For massless (Majorana) Rarita-Schwinger fields, the real Lagrangian density is 

+W\ie^^^^^^^j,^j,DM^R, - e~'^^^^^^^p,DM^Lu)]. (2.21) 
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/^From ( p. 151 ) and ( |2.16| ), we can derive the field equations for V^*^, VT*^ and cjjj^. 



Varying L = Cq + i^M witli respect to V\ and ^ yields 

'{WKR.,pM - \v\e,^'RupM) + e T^^\'' = 0, (2.22) 



e .-(t/^„fl,^M + + e r.^)." = 0, (2.23) 

respectively. We note that there appear two energy-momentum tesors of matter 
fields, T^^\^ and T^^\^ , defined by 

r«.'':=e-^^. T'^)." := (2.24) 

These are related to the complex energy-momentum tensor, 

TW,^ := (2.25) 

by 

T(i),^ - iT^^)!" = 2T(+),^ (2.26) 
due to the Cauchy-Riemann relation. For cUjj^, we have the field equation, 

e e^"'P^Dp[u}]hiiH^+^'^^^ + - S'^" = 0, (2.27) 

where the spin tensor of matter fields is defined by 

:= -2e-i (2.28) 

and ImiJ(+)*-'^,^ is the imaginary part of H^^^^^ := e'^y^e\-\ — (z/2)e*4/e^[^e'y]. Note 
also that the S^^^ of ( f2.28D is connected with the self-dual spin tensor. 



SM^m ,= _2e-i (2.29) 



by 

= + c.c. (2.30) 
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The relation between T^^\'^ and S^^'^^^'^ is shown in the appendix (see ( |A.5| )). 

If we impose the reahty condition, W^fj_ = and \1/ = then the two real 
constant parameters 9 and 9' in (p78|) and ( p.9|) are equal to each other, i.e., 9 = 9', so 
the C^^^ of ( |2.4| ) becomes strictly invariant under the global chiral transformations. 
Thus we choose the phase factor ip = 0. Then, in the case of spin-1/2 and spin-3/2 
fields, substituting the solution of ( [^.27| ) into ( p^.22D and ( |2.23| ) yields the ordinary 
Einstein equation and the Bianchi identity respectively. 



3. Weak field approximation 



To see how the real and imaginary parts of the complex tetrad are coupled to 
matter fields, we apply the weak field approximation to the field equations (|2.22| ), 
( |2.23|) and (p.27|) , assuming that V\ and W\ satisfy 



V\ = 6\ + a\, |aVI<l, (3.1) 
W\ = b\, |6VI<1- (3.2) 

It is convenient to decompose the self-dual connection A^'^^ as 

^l/M^ = ^liM^N + ^ij'il (3-3) 

and to take kI^^} as an independent variable instead of A\'^^. Here ^lj^^[e] is the 
self-dual part of the Ricci rotation coefficients Ajj^[e]. Since we need not distinguish 
Latin indices from Greek ones in the weak field approximation, we use Greek indices 
in the rest of this paper, which are raised and lowered with the Minkowski metric 
tensor t]^,^. Now the real S0{3, 1) connection Uf^^x can be expressed in terms of a^i,, 
h^y and as follows: 

t^M^A = ^^^lux[a\ + ^e^/^t^paAffe] + K^^x, (3.4) 



where 



u^tiu\[a\ ■■= -c?Aa[H - {df,a(^,yx) - d^a-i^LX)), (3.5) 
(^^^ux[b] ■■= -dxb[^u] - (d^b^^x) - d^b^^x)), (3.6) 
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and K^ux is defined by 

K,,, := Kltl + c.c. (3.7) 
Therefore, tfie curvature R^i,pa-[uj] can be written as 

Rfiupcri^^] = Rnupaio] + ■^^fiJ''^ Ral3pa[b] + 2d[pK\f^i^\„-^, (3.8) 

wliere 

RpupA(^] ■= '^(^[P^IH^M^ (3-9) 

Rpupa[b] ■■= 2d[pU\p^\„][b], (3.10) 

which are linear in a(^j,) and respectively. 

Substituting into {^2^ and (|]23D, we can get the field equations in the 



weak field approximation. In ( |2.22| ), the term of e e'^^'^^W^ uRijpa[uj] can be neglected, 



and the term proportional to Rpupa[b] vanishes due to the Bianchi identity. Therefore 
(|2.22|) becomes 

Gp,[a] + d^Kp^p + dpv, - Tip^d^Vp = (3.11) 
with Vp := KpjJ^ . Here is the linearized Einstein tensor for a^^,, 

Gpu[a\ = -{aa^p^^ - d^idpa^^p) + d^a^pp)) + rip^d^d^af^p^)} (3.12) 

with 

a'(py) := ai^pu) - -Vpua, a := V^^af^pi,), (3.13) 



and the d'Alembertian □ being defined by □ := d'^dp. Similarly, from ( 2.23| ) we 
have 

Gp^b] + exp.ud'Kp^'^ = -^Tl^l\ (3.14) 

where Gpi,[b] is the linearized Einstein tensor for bp^. Further, the field equation 
( |2.27| ) becomes 

- ^p[H + VplpVu] = ^Sp^p. (3.15) 

We take the energy- momentum tensors, Tj^l^ and T^^, and the spin tensor Sp^p 
to lowest order in ap^, bpy and Kp^p-. Namely, they are independent of a^^,, bp^ and 
Kpyp, and satisfy the conservation law, 

a^rw = o, d''T('J = o, (3.16) 



and the Tetrode formula in special relativity, 



per 



(3.17) 



as is shown in the appendix (see ( |A.8D and ( [A.9[ )). Note that the antisymmetric 
parts of Tj^]) and Tj^^ are related with each other by 



(3.1^ 



The linearized field equations (|3.11|) , (|3.14|) and (|3.15|) are invariant under the 
gauge transformations, 



a 



I 



a(pu) + df,Al + d^A^, 



a 



and 



b[H 



(3.19) 
(3.20) 



(3.21) 
(3.22) 



where and e^^ 



1, 2) are arbitrary four and six functions, respectively. 
These transformations are the linearized version of complex general coordinate and 
complex local Lorentz transformations. Equations ( |3.20| ) and ( |3.22| ) mean that aj^^,] 
and can be eliminated. By means of the gauge freedom we can put the harmonic 
condition, 



{pv) 



0, d^'h 



0. 



(3.23) 



Then the remaining degrees of freedom are 6 for each a^i, and and the linearized 



Einstein tensors for a^^/ and 6^,^ are written as 



(3.24) 



Equation ( p.ll| ) is decomposed into the symmetric and antisymmetric parts as 



(1) 
2 [a"^] ' 



(3.25) 
(3.26) 
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and similarly ( p.l4| ) into 

G,M + e^p^i^^d^K^r = -l^l'l)^ (3-27) 
-ex,.i,d'Kr = -lTl^uV (3.28) 

Both sides of ( p.ll| ) and ( p.l4| ) are divergenceless with respect to z/, and the diver- 
gence of ( p.l5| ) with respect to p yields ( |3.26| ) and ( p.28| ) due to the Tetrode formula 
(13.171) . Therefore, there are (16 + 16 + 24) — (4 + 4 + 6 + 6) = 36 independent 
equations for 6 + 6 + 24 = 36 independent variables, a(^jy), and Kf^i^p. 

We can rewrite ( p.25| ) and ( p. 271 ) with the help of ( p.l5|) . Taking the divergence 
of ( p.l5|) with respect to p yields 

d^Kpi^^y) + d(^^Vy) - r]pydPvp = ^d^'Sp^p.^), (3.29) 

or equivalently 

exM,d'Kr = -^^'^pV) (3-30) 
with the * operation being the duality operation 

^liup •= -^^fiu''^ Saf3p- (3.31) 



= ^T('J'^'''^\ (3.32) 



Using ( lOgI ) and ( p30D in ([OSl ) and ( [OTI) respectively, we get 

1 
2 

G,u[b] = -lT('J(^''^\ (3.33) 
where T^J^''^'^) and Tj2)('^y'^) are the symmetrized energy-momentum tensors: 

^/ii/^*' ^ ~ "^liv ~ '^(^^{Spup + Sppi, + Spi,p), (3.34) 

7^(2)(sym) _ rp(2) _ l^jpfc* I C* I C* ^ (O QC,A 

Now we restrict ourselves to the case of (Majorana) Rarita-Schwinger fields. 
iFrom the real Lagrangian density ( |2.21|) , Tj^l) and T^^^ can be obtained as 



. ^/i^^ / V — siny9 cosy? / \ ^i^^ I v>=o . 



(3.36) 
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where 

—A —A 



= eAp.J^57/.'9^V^^ (3.37) 

= -I ^xpa^^^l^d^r- (3.38) 

Thus, T^) and are mixed as the parameter Lp changes. Since both of and 
il)^ are Majorana spinors, the T^J,)|^=o of ( |3.37|) can be diagonahzed as 



T(i)|^=o = CAP.. (^''757^5"^"^ - V^''757p5'^''^), (3.39) 



where '^^^ := (l/2)('?/'^ + ip^) and ip^ := {l/2){tp^ — ip^). The minus sign in ( p.39D 
means the appearance of negative energy: Namely, the positivity of T^^^|^=o is not 



guaranteed. On the other hand, the T^^)|<^=o of Eq.( p.38| ) is not diagonahzed by 
using ipl^ and ipf^. However we have 



TL^\^=o[^,i'] = Tl,'J\^=^/2[i^,i'] = T«|^=o[V'',V^], (3.40) 
Tl.'J\^=o[i^,i'] = -Tl.'J\^=./2[^.i'] = -T(2.)|^=oK,^], (3.41) 



where we define ip'^ := exp{(z7r75)/2}?/'^. Therefore T^^^ |^=o[V') V"] is not positive 
definite, either. 

If we impose the reahty condition, = and = V'p; together with = 0, 
then the S*^^ of ( |3.31| ) can be calculated as 

S;^, = -ie''%i,ii\^\M^p, (3.42) 



by virtue of which the symmetrized energy-momentum tensor 
vanishes and the positivity of T^J,)('^y™) is recovered. 
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4. Local SUSY invariant Lagrangian to order k! 



In the usual N = 1 SUGRA, the full nonlinear theory can be constructed from 
the linearized (free) theory, making the rigid SUSY transformations local and adding 
appropriate terms to the free Lagrangian order-by-order in the gravitational constant 
K ^ |10|. For example, one can construct a local SUSY invariant Lagrangian to order 
K° by adding an interaction term proportional to the energy-momentum tensor. 
Similarly, we can obtain a local SUSY invariant Lagrangian to order kP also in 

= 1 chiral SUGRA as we shall explain below. Hereafter we shall write the k 
explicitly. In the linearized theory, the free Lagrangian of A^ = 1 chiral SUGRA is 
twice the usual A^ = 1 SUGRA: Namely, taking (f = for simplicity, the free field 
limit of the real Lagrangian density, C = Lq + -Crs, is 

^° = ^°c + 4s, (4.1) 
where the linearized gravitational Lagrangian, L^, is 

Ll = -(a(^'^)G^,[a] - b^'^''^ G ^^b]) (4-2) 
and the free Lagrangian of (Majorana) Rarita-Schwinger fields, L^^s, is 

L^s = e^'^'"^^^757p5<.^., (4.3) 

which can be diagonalized as 

^RS = 6'^^^^(^i757p5.^i - ^ll5%d^^l) (4.4) 

up to a total divergence term, where ipji and ip^ are defined below ( p.39| ). 

The linearized theory of A^ = 1 chiral SUGRA possesses local gauge invariance 
and rigid SUSY invariance just like the usual A^ = 1 SUGRA: Indeed, the L° of 
(|4.1| ) is invariant under local gauge transformations, 

Si'f, = df,e{x), 

6tP^ = d^e{x). (4.5) 
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In contrast with the usual = 1 SUGRA, on the other hand, is invariant 
under two kinds of rigid SUSY transformations. One is the following rigid SUSY 
transformations with supersymmetric partners being {a{^u),i^li) (^(mi')' '^^)- 

Sk^^u) = -^^J^7^^)«^ Si'l = -2iSP"dph(„p)a^, (4.6) 

where and are constant Majorana spinor parameters. In this case, if we make 
and local and add appropriate terms to the L° of ([4.1|) order-by-order in k. 



then the resultant Lagrangian density is twice that of the usual = 1 SUGRA: 
Namely, we have C = /:jv=isuGRA - >^?^=isugra- 
The other is the rigid SUSY transformations, 

Sipp = -2iSP''{dpa^^p) +275 dpb(^^p))a, 

Sijjp = -2iSP"{dpa^^^p) - 275 dp\„p))a (4.7) 

with a and a being constant Majorana spinor parameters. Although the gauge and 
SUSY transformations ( [4.5|) and ( ^77|) form a closed algebra on shell, the rigid SUSY 
transformations ( [4. 71) are not twice the usual A^ = 1 SUGRA. 

Let us construct a local SUSY invariant Lagrangian to order kP . If the spinor 
parameters a and a in ( ^.7| ) become spacetime dependent, i.e., a = a{x) and a = 
a{x), then the of ( |4.1|) is no longer invariant: The variation of L° can be expressed 
as 

= {dpa){j"'[a,^] + J^'^lb,^]) + {dpa)iJ"'[a,^P] + P^[6,^]), (4.8) 

up to total divergence, because L° is invariant when a and a are constant. However, 
J^'^[a,ip], J^f^lbjip], J^^lttjip] and J'^'^[b,ip] are not uniquely fixed: As example, we 
shall explain how the ambiguity arises in J^'^[a, ip]- The variation of with respect 
to the transformations ( ^.7| ) is 

= (a^a(A.))e'^^^'^S757"5p^. + ■ ■ • ■ (4.9) 



If the spinor parameter a is constant, the first term of (f4.9|) is just a total divergence. 
However, when a is spacetime dependent, this term can be rewritten as 
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+ [a total divergence] (4-10) 

with p being an arbitrary real constant. Although the two terms proportional to p 
in ( |4.1CI|) are combined to a total divergence, they do lead to non-trivial ambiguity 



in J-^^lajtp]. We can explicitly show that the remaining terms of (|^) do not lead 
to any ambiguity in J^'^[a,ilj]. Thus we have 

Ji/^[a, tjj] = -pa(A.)e'^^'"^757^5pV'a + (1 - p){dpa^x.)V'''l,l^^a + ■■■■ (4.11) 

Note that similar ambiguity also appears in the usual = 1 SUGRA. In the same 
manner, we get 

J2^[6, ^] = tqb(^xu)e'"''''l%^P. - 2(1 - q)idpb(^xu)y''l'^P. + ■■■, (4.12) 
J'^^ia, tP] = -p'a^xu)e^''P''l5l%^a + (1 - p'){d,a^xu))e^''"'l5l'^. + ■■■ ,(4.13) 
J2M[6, ^] = -^q'b^^^^,^^^^P-^^^p^P^ + ^(1 - q'){dpb(^xu))e^''"'l^i'a + ■■■ (4.14) 

with p', q and q' being arbitrary real constants. 

Inspection of (|4.8| ) shows that the invariance under transformations with local 
spinor parameter a{x) is recovered to order k° if the interaction term, {—k/2)iIj^{J^^ 
[a,ip] + J'^'^[b,4']), is added to L", and if we simultaneously make the gauge trans- 
formation of with e(x) = {2/K,)a{x). On the other hand, the interaction term, 
(— k/2)'?/'^( J-^^[a, ip] + J'^^[b, ip]), is needed if the spinor parameter a becomes space- 
time dependent. Since these two interaction terms must be the same, we require 

?^(ji^[a,^] + J'''[b,^]) = ^^{J"'[a,i,] + P^[6,^]). (4.15) 

Then the constants p, p', q and q' are uniquely determined as p = p' = 2 and 
q = q' = 2. Since J^'^[a,4)], J'^f^[b,ip], J'^'^[a,ijj] and J^^[6, ^/i] are now fixed and 
satisfies ( [4.15| ), we modify the Lagrangian as 

L' = L^- ^i'.iJ'^hi^] + J"'[b,^P]), (4.16) 

which is invariant to order under the local SUSY transformations combined with 
the gauge transformations with the identification, e(x) = (2//t)a(x) and e(x) = 
{2/K)a{x). 
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The interaction term in the of ( [4.16| ) can be rewritten as K^a^^'^^Tj^J'^^^™'^ + 
b(P'')Tl^l)(^y'^)). Thus (|]3|) and (|]33D are derived from by taking variation with 
respect to a^^'^^ and b^^'^^ respectively. It should also be noted that the correction 
term of is not twice the usual = 1 SUGRA, because and are contained 
both in T^l) and as shown in (|3.37| ) and ( p.38|) . 



5. Conclusion 



We have studied the structure of linearized field equations in the chiral formula- 
tion of gravity with the complex tetrad, and seen how the real and imaginary parts 
of the complex tetrad are coupled to matter fields in the weak field approximation. 
As an example, the explicit form of energy-momentum tensors has been calculated 
for (Majorana) Rarita-Schwinger fields. Starting from the linearized (free) theory 
of A^ = 1 chiral SUGRA, we have then obtained the Lagrangian which is invariant 
under local SUSY transformations to order k,^. The resultant Lagrangian just re- 
produces the field equations in the weak field approximation. We expect that the 
full nonlinear theory of A^ = 1 chiral SUGRA can be constructed by adding appro- 
priate terms order-by-order in k to the first-order Lagrangian we have obtained. We 
are also trying to introduce additional auxiliary fields into the linearized theory of 
A^ = 1 chiral SUGRA as the preliminary step to construct the full nonlinear theory 
with auxiliary fields of A^ = 1 chiral SUGRA. 
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Appendix 



In this appendix, we derive identities from general coordinate and local Lorentz 
invariances of the chiral Lagrangian density 



where matter fields are collectively denoted by |11, 12]. An arbitrary variation of 
is 

SC^+^ = '-^6F + l^^F + ^Wfe-^ j , (A.2) 

where F denotes g^, e^^ and A^^^^ collectively, and 6 is the Lie derivative defined by 
SF = SF- FJx". 

If the C^~^^ is invariant under general coordinate and local Lorentz transforma- 
tions, we have Noether's identity, 

'-^6F + dJ^6F + C^''^6x^]^0. (A.3) 



For complex local Lorentz transformations, variation of the fields is given by 

'^^^idl = ^i'^kj^ + ^''A^i ~ (A-4) 



where e^j = e\ij^ is an arbitrary complex parameter. Here e'j^^ := (l/2){e 



(z/2)ei/'efc/}, and it is independent of e\j ^ := (l/2){eij + {i/2)ei^^eki}. Using 
in (^) with £(+) = d^^^ yields 

1 (tWI^^I - '-e\{T^+^'') - S(+)^^-^ + ^^^W^^g, = (A.5) 

and 

1 ( T(+)fo1 + le'4.T(+)^') + ^^5(-)^^g, = (A.6) 



2 V 2 J Sq^ 2 
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with T;+^ = ejf,T^+\^. Here T^+h'" and S(+)^-''^ denotes e T^+h'' and e with 
T^~^\^ and S^~^^^^^ being defined by ( p.25|) and ( p.29|) respectively. Similarly, the 
identity for general coordinate invariance of can be written as 



1 Ar(+) 



g,.) = 0, 
(A.7) 
by using ( |A.5| ). 

With the help of matter field equations, the identities ([A .51) and ([A .61) become, 
in the special relativistic limit. 



(+) 



(A. 



while ( [A.Tp gives the conservation law. 



QUJ.i + ) Q 



(A.9) 



Since T^+h^ and are related to T^^h^ , T^^\^ and S'^^' by ( p:26| ) and pisq ), 

we obtain the conservation law ( p.l6 ) from (|A.9| ), and further the relations ( 3.17|) 
and (|318| ) from (^). 
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